CONFORMAL SYMMETRY SUPERALGEBRAS 
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Abstract. We show how the rigid conformal supersymmetries associated with a certain class of 
pseudo-Riemannian spin manifolds define a Lie superalgebra. The even part of this superalgebra con- 
tains conformal isometries and constant R-symmetries. The odd part is generated by twistor spinors 
valued in a particular R-symmetry representation. We prove that any manifold which admits a con- 
formal symmetry superalgebra of this type must generically have dimensión less than seven. Moreover, 
in dimensions three, four, five and six, we provide the generic data from which the conformal symmetry 
superalgebra is prescribed. Por conformally flat metrics in these dimensions, and compact R-symmetry, 
we identify each of the associated conformal symmetry superalgebras with one of the conformal su- 
peralgebras classified by Nahm. We also describe several examples for Lorentzian metrics that are not 
conformally flat. 
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1. INTRODUCTION 

Supersymmetry multiplets may be either rigid or local, according to whether or not the dependence 
of the supersymmetry parameter on the background geometry is constrained. Local supermultiplets 
are coupled to supergravity with a dynamical background metric. By contrast, in the case of rigid 
supermultiplets, the metric is non-dynamical, and the supersymmetry parameter obeys a differential 
equation involving the metric and possibly other non-dynamical background fields. 

An important source of examples for constructing theories on curved backgrounds with rigid super- 
symmetry actually arises from supersymmetric backgrounds in supergravity. The constraint on the 
supersymmetry parameter here comes from setting to zero the supersymmetry variation of the fermi- 
onic fields in the supergravity multiplet. Beside their intrinsic interest, it is often possible to construct 
field theory multiplets with rigid supersymmetry on such backgrounds, as has been described in some 
detall in the recent literature [[T]-[T5|. 

A well-established feature of supersymmetric supergravity backgrounds is that they inherit a rigid Lie 



superalgebra structure, known as the symmetry superalgebra of the background [16-20|. The even 
part of this superalgebra contains the Killing vectors which genérate isometries of the background. 
The odd part is generated by the rigid supersymmetries supported by the background. The image 
of the odd-odd bracket for the symmetry superalgebra spans a Lie subalgebra of Killing vectors for 
the background. This Lie subalgebra, together with the rigid supersymmetries, genérate another rigid 
Lie superalgebra structure, called the Killing superalgebra, which forms an ideal of the symmetry 
superalgebra. The utility of this construction is that it often allows one to infer important geometrical 
properties of the background directly from the rigid supersymmetry it supports. For example, in 



ten and eleven dimensions, it has recently been proven |21| that any supersymmetric supergravity 
background possessing more that half the maximal amount of supersymmetry is necessarily (locally) 
homogeneous. 

The purpose of this note is to describe a similar construction for a class of backgrounds which sup- 
port rigid conformal supersymmetry generated by twistor spinors. This idea is not new and some 
previous attempts to define a Lie superalgebra structure for manifolds admitting twistor spinors can 



be found in [22-24|. What distinguishes our construction is the inclusión of non-trivial R-symmetry 
which tums out to be crucial in order to solve the odd-odd-odd component of the Jacobi identity for 
the superalgebra. The defining condition for twistor spinors is conformally invariant and they fur- 
nish backgrounds on which rigid superconformal field theories may be defined, e.g. foUowing the 
conformal coupling procedure described in [8]. Furthermore, at least in Euclidean and Lorentzian 
signatures, conformal equivalence classes of geometries admitting twistor spinors have been classi- 



fied [26-30|. It is important to stress that the concept of twistor spinors we shall adhere to is entirely 
geometrical and unencumbered by the additional data (e.g. background ñuxes and auxiliary fields) 
typically associated with a supergravity background. That is, we shall deal with what one might cali 
'geometric' twistor spinors, for which their defining condition is with respect to the Levi-Civitá con- 
nection. It is possible to generalise our construction using twistor spinors defined with respect to a 
more elabórate superconnection for conformal supergravity backgrounds though we shall not explore 
that generalisation here. 

Our aim is simply to ascribe a real Lie superalgebra to a conformal equivalence class of pseudo- 
Riemannian metrics on a spin manifold which admits a twistor spinor. This Lie superalgebra will 
be referred to as the conformal symmetry superalgebra of the background. The even part of this 



'Our forthcoming paper fl^, which develops this construction for field theories with extended rigid supersymmetry, 
was in fact the original motivation for the present study. 
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superalgebra contains not only conformal Killing vectors for the background but also constant R- 
symmetries. The odd part is generated by twistor spinors valued in a particular representation of the 
R-symmetry. The image of the odd-odd bracket for the conformal symmetry superalgebra spans a Lie 
subalgebra of conformal Killing vectors and constant R-symmetries. This Lie subalgebra, together 
with the twistor spinors in the odd part, genérate another rigid Lie superalgebra structure, that we 
will cali the conformal Killing superalgebra, which forms an ideal of the conformal symmetry su- 
peralgebra. We show that generic backgrounds admitting a conformal symmetry superalgebra must 
have dimensión less than seven. Moreover, in dimensions three, four, five and six, we show that any 
manifold admitting twistor spinors generically inherits a conformal symmetry superalgebra with R- 
symmetry in a Lie subalgebra of a particular real form of so^, q{¡^, spi and sp^ respectively over C 
(for some positive integer A''). For the class of conformally flat metrics in these dimensions, if the 
R-symmetry Lie algebra is compact, we identify the conformal symmetry superalgebra with one of 
the conformal superalgebras classified by Nahm in [31 1. We shall exelude dimensión two, where any 
pseudo-Riemannian metric is locally conformally flat, since then the associated conformal symmetry 
superalgebra is just as in flat space. We will also describe several examples of conformal Killing su- 
peralgebras for non-trivial conformal classes of Lorentzian metrics on manifolds that admit a twistor 
spinor. 



2. Preliminaries 

Let M be a differentiable manifold (with real dimensión m) equipped with pseudo-Riemannian metric 
g. The Levi-Civitá connection of g will be denoted by V. It will be assumed that M has vanishing 
second Stiefel-Whitney class so the bundle SO(M) of oriented pseudo-orthonormal frames lifts to 
Spin(M) by the assignment of a spin structure. 

2.1. Tensors, vectors and conformal Killing vectors. Let 5^(M) denote the space of tensor ñelds 
on M (i.e. sections of the bundle of tensors over M). The Lie derivative Lx along a vector field 
X on M defines an endomorphism of ^(M). Such endomorphisms are induced by infinitesimal 
diffeomorphisms on M. For any T, T' E ^{M), the Lie derivative obeys £ix{T + T') = LxT + J^xT' 
and Lx{T ® T') = LxT ^T' + T® LxT', for any vector field X on M. 

Let X{M) denote the space of vector fields on M. The skewsymmetric bilinear map 

[-,-] : X{M)xX{M) X(M) 

(XJ) ^ LxY = VxY-VyX , (1) 

obeys the Jacobi identity and thus furnishes X{M) with the structure of a Lie algebra. The Lie deriv- 
ative obeys identically 

[Lx^Ly] = L[x,Y] 5 (2) 

for all X,y G X{M) and so defines on ^(M) a representation of the Lie algebra of vector fields. 

The subspace of conformal Killing vector fields in X(M) is given by 

X'{M) = {Xe X{M) I Lxg = -2axg} , (3) 

for some function Ox on M. Relative to a basis {e^} on X(M), Ox = —^V^X^^, for all X G X{M). If 
X,Y e X%M) then [X, 7] G X%M) . Whence, the restriction of the Lie bracket to X%M) defines a Lie 
subalgebra of conformal Killing vector fields on M. 

Any X G X'^ (M) with ax = O is a Killing vector field and restricting the Lie bracket on X^{M) to the 
subspace of Killing vector fields on M defines a Lie subalgebra. 
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2.2. Clifford modules, spínors and twistor spinors. Let CÍ{TM) denote the Clifford bundle over 
M with defining relation 

XY + XY = 2g{X,Y)\, (4) 

for all Z,F e 3£(M). To each multivector field on M there is an associated section ^ of C£{TM). 
This reflects the fact that, at each point x eM, the exterior algebra of TxM is isomorphic, as a vector 
space, to the Clifford algebra CÍ{T^M) (the metric g and its inverse provide a duality between mul- 
tivector fields and differential forms on M). With this isomorphism understood, we let {«^¡...^^.j^: = 
0, 1, ...,m} denote a basis for sections of C£{TM) such that 

«Ml-M* = «[Ml-^Md = A E (-l)''''«Ma(l)-«MaW ' (5) 

for degree ^ > O (i.e. unit weight skewsymmetrisation of k distinct degree one basis elements) and the 
identity element 1 for = 0. The element ei__,m of maximal degree m is proportional to an idempotent 
element £í that is associated with the volume form Q. for the metric g on M. For m odd, £1 is central. 
For m even, OX = -XQ for all Z e X(M). 

The Clifford algebra Ci{Tj^M) is Z2-graded such that elements with even and odd degrees are as- 
signed grades O and 1 respectively. The grade O elements span an ungraded associative subalgebra 
Ce^iT^M) < Ci{TxM). The degree two elements span a Lie subalgebra so{TxM) < Ci^iT^M), where 
C£^{TxM) is understood as a Lie algebra whose brackets are defined by commutators. 

At each point x e M, the set of invertible elements in C£{TxM) forms a multiplicative group C£^ (TxM). 
The tangent vectors X e C¿{TxM) with g{X,X) = ±1 genérate the subgroup Pin(r^M) < C£^ (TxM). 
The group Spin(r^M) = Pin(r^M) n C£^(r^M), which also foUows by exponentiating 5o{TxM) < 

Cí\TxM). 

The pinor module is defined by the restriction to Vm{TxM) of an irreducible representation of CÍ{TxM). 
Every Clifford algebra is isomorphic, as an associative algebra with unit, to a matrix algebra and it is a 
simple matter to deduce their irreducible representations. The spinor module is defined by the restric- 
tion to Spin(7i;M) of an irreducible representation of CÍ^{TxM). Note that restricting to Spin(7i:M) 
an irreducible representation of CÍ{TxM) need not define an irreducible spinor module. For m even, 
C¿{TxM) has a unique irreducible representation which descends to a reducible representation when 
restricted to Spin(r;cM), yielding a pair of inequivalent irreducible (chiral) spinor modules associ- 
ated with the two eigenspaces of Cl on which íl = ±1. For m odd, C£{TxM) has two inequivalent 
irreducible representations which are isomorphic to each other when restricted to Spm{TxM). The 
isomorphism here is provided by the central element Q and corresponds to Hodge duality in the ex- 
terior algebra. In either case, the spinor module defined at each point in M defines a principie bundle 
Spin(M) and its associated vector bundle is called the spinor bundle over M. 

Let 6(M) denote the space of spinor fields on M (i.e. sections of the spinor bundle over M). For 
m even, &{M) = (3+(M) © ©_(M), where S±(M) denote the subspaces of chiral spinor fields on 
which ft = ±1. The action of V induced on (3(M) is compatible with the Clifford action, i.e. 

VxiYw) = iVxY)ilf+YVxV , (6) 
for all X,Y e X{M) and e e(M). Furthermore 

[Vx, Vy] Xjf = V^xj] W + \R{X,Y) Y , (7) 

for all XJe X{M) and Xj/ e 6(M), where R{X,Y) = {X^^R^yp^eP'' in terms of the Riemann 
tensor ií^vpa of g. 

Now consider a map p : X(M) — )■ End6(M) for which 
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• p is independent of the choice of pseudo-orthonormal frame on M. 

• px{f\¡f) =X{f)\¡/ + fpx\if , for allX G X(M), / G C°°(M) and i// G 6(M). 

• px{Y\¡r) = [X,Y]\¡r + Ypx V^, for all X, 7 G X(M) and i// G 6 (M) . 
It is readily verified that any such map is necessarily of the form 

px = 'Cx + ax, (8) 

acting on ©(M), for allX G X(A/), where 

Lx = ^x + ¡dX\ (9) 

and ax is an arbitrary central element in the Clifford algebra. For any X G X(M), X'" denotes its dual 
one-form with respect to g, i.e. X\Y) = g{XJ) for all Y G X{M). For any X G X''{M), ^ defines a 
spinorial Lie derivative p2| - }35| . 

It is useful to note that 

Vy] x¡r = V^x,Y]¥+ ¡dOx A F V 

V]VA= o-;,Vv/- (í^) S/oxyr , (10) 

for all X G X''(M), 7 G X{M) and i// G 6(M). 
For any X, y G X^ (M), one finds that 

[Px,Pr] =P[z,K] , (11) 

provided 

Vxay - Vyax = • (12) 

Whence, any a obeying ( [T2] ) defines on © (M) a representation of the Lie algebra of conformal Killing 



vector fields. A solution of ([12]) is obtained by taking ax proportional to o^l, for all X G X'^{M). In 
particular, the representation defined by 

Cx = Lx + ¡axl, (13) 
for all X G X'^(M) is known as the Kosmann-Schwarzbach Lie derivative. 
The subspace of conformal Killing (or twistor) spinor fields in G{M) is given by 

&{M) = {^reG{M)\VxW= ¿^Vi// , VX G X(M)} . (14) 

Any \¡f G G'^{M) with Vi// = /ii//, for some constant /i, is said to be Killing if /i 7^ O or parallel if 
/i = 0. The constant /i will be referred to as the Killing constant of a Killing spinor i/a. 

We define the Penrose operator 

yx = Vx-¿XV, (15) 
which acts on & (M) along any X G j£(M). Whence, kerCP is precisely &{M). 
It is useful to note that 

[Lx,7y]¥ = '^[x,y]¥, (16) 
for all X G X^(M), Y G X(M) and 1// G 6(M). Whence, i//- G e'^{M) implies £;íV/ G 6'^(M) for all 
X G X^'(^)- 

It is also worth noting that the defining equation for twistor spinors implies 

VxVv/=fi^(X)v/ , VV=-4(;^^V^, (17) 
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for all X e X(M) and yr e &'{M), where K{X) = X^K^yC^ in terms of the Schouten tensor K^y = 

-¡:j^ (^—R^v + 2{m-i) SiivR^ , Ricci tensor R^y and scalar curvature R of g. Combining ( [T7| ) with (|7]) 
implies the integrability condition 

w(x,y)v/ = o, (18) 

for all XJe X{M) and \¡r e 6^(M), where W{XJ) = ^X^yw^ypaeP'' in terms of the Weyl tensor 
vpcj = R¡xvpa + SiipKya — gvpK^a ~ SiiaKyp + gvaK¡xp ■ 

3. CONFORMAL STRUCTURE 

A Weyl transformation maps g i— )■ ceP'g, for some nowhere-vanishing function (O E C°°(M). Any such 

1 

Weyl transformation is compatible with the spin structure on M provided X i— t- coX and \¡í\-^ co^Xjf, for 
all X e X(M) and \¡r e &{M). If a field 4> i-)- co'^*4> under a Weyl transformation, for some e M, 
it is said to have definite weight 

It is useful to note that the Penrose and Dirac operators do not transform with definite weight under 
Weyl transformations, but rather 

1 1 

7x^(02?xC0 2 

V^(0-Í(™+i)V(o2('"-i) , (19) 



for all X G X(M) . The transformation of the Penrose operator in ( [191 ) implies that the space of twistor 
spinors &{M) is Weyl-invariant. This means that the definition of &{M) with respect to a given 
metric ^ on M with fixed spin structure extends trivially to the conformal equivalence class [g] of 
metrics on M that are related to ^ by a Weyl transformation. It is also worth noting that the Christoffel 
symbols rjy = ^gP'^id^gya + dyg^a - dag^y) transform as 

T<¡,y^T% + (0-\dPdy03 + 8Pd^(0-g^ygP''daO}) , (20) 
under a Weyl rescaling of g. 



Using (19) and (20), it foUows that the spinorial Lie derivative in (M) transforms such that 



1 , _i 

LxW^ 0)^^xW+h^ ^{dxCo)\ir, (21) 

for all X E X(M) and i// G &'{M). Consequently, the Kosmann-Schwarzbach Lie derivative in ( fT3] ) 
transforms such that 

i ^ 

Lxy/ ^ (o2j:xy/ : (22) 

for all X G X(M) and i// G &%M). Whence w¿ = = i for any X G X(M). For X G X^ (M), this 



is as expected since Lx^f E &'{M) from ([16]). 



4. Spinorial bilinear forms 
Let (— , — ) denote a non-degenerate bilinear form on (3(M) which obeys 

X{W:X) = {^X¥:X) + {¥:^XX) , (23) 

for all X G X(M) and yr.X ^ &{M). At any x eM, ([23]) is equivalent to (-, -) being Spin(r;,M)- 
invariant. For m even, this implies {€í\¡f,x) = (—1)^ {x¡r,Q.x), where p = [j\ . Whence, 

(V^±>Zt)=0 ifpiseven 

{¥±,X±)=0 if;?isodd, (24) 



CONFORMAL SYMMETRY SUPERALGEBRAS 7 

for all V^±,;f± G &±{M). The projection operators P± = i(l ±Q) define \¡r^ = P^\¡r e &±{M), for 
any \¡r e &{M). 

To any pair \¡^,X ^ & {M), let us assign a vector field defined such that 

^(X,^^,;,) = (V/,Xz), (25) 

for all X E X{M). From the results in section|3| it foUows that is Weyl-invariant. Furthermore, it 
is worth noting that 



m 



(V^,Vz)^(V^,Vz) + -w-V^^^£0, (26) 
under a Weyl transformation, for all i//, G © (M) . 
It is useful to note that 

for all X E X'^(M) and any Xj^.X ^ &{M), in terms of the Kosmann-Schwarzbach Lie derivative on the 
right hand side. Furthermore, it foUows that ^^r_x E X' (M) if G &'{M). 

Now let the dual \¡f of any \¡r E &{M) with respect to (— , — ) be defined such that Xjfx = (V^^Z)» for 
aWx ^& (M) .lf\¡r,x^& {M) then y/x G End & (M) . At each point xEM,we may express any such 
endomorphism of the spinor module in terms of the action of Ci(TxM), relative to the basis defined 
in ([5]). This expression is called a Fierz identity and foUows using the identities 

tr(e,, ,,.v....v,)^í(-l)L2J^!5-,..5;;,tr(l) if. = / ^..^ 

involving the canonical trace form tr for the matrix representation. 
For m odd, this yields 

p L-J 

^ k=Q 

for all V^,Z e 6(M). 

For m = O mod 4, this yields 

(2-1 £ \ 

V^íIt = ^ I ^¿^(ZT^^'-^^^"'V^±)eMi.../x2.+iPT , (30) 

for all VA±,;t:± G 6±(M). 
For m = 2 mod 4, this yields 



1 



2P-Í 



2 



p-1 

V'i^T = ^ t ^(^T^^'-^"V^±)^Mi...M2.P± , (31) 
for all V/±,Z± e 6±(M). 
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Spin-invariant bilinear forms on & {M) have been classified [36-38| and their type depends on both 
the dimensión m and the signatura of g. To facilitate our understanding of these types, we need 
first to review a few more details concerning the classification of Clifford algebras and their spinor 
representations. We begin with the simpler case of complex Clifford algebras before discussing their 
real forms. See P6J for a more detailed account of these results. 

We shall employ the foUowing notation in our description of the relevant modules. Let K{N) = 
Matyv(K) denote the associative algebra of NxN matrices with entries in a field K = ]R,C,EI, and 
let 2K(A^) = K(A^) ©K(A^). The matrix algebra K{N) defines a Lie algebra 0[aí(K), with Lie bracket 
defined by the matrix commutator. We will refer to the representation of a Lie algebra as being of type 
K if it can be realised in terms of a matrix algebra over ground field IK acting on a K-vector space. 

4.1. Complex case. Let us define Ci{TM) = CÍÍTqM), as the Clifford bundle associated with the 
complexified tangent bundle T^M = TM ©k (MxC). At each point x E M, Ci{TjM) is isomorphic 
to the complexification of Ci{Tj^M). This complex Clifford algebra will be denoted by Ci{m). The 
complex-bilinear extensión of g required to define C£{TM) renders its signature immaterial. 

A fundamental isomorphism for complex Clifford algebras is Ci{m + 2) = Ci{m) (g) Ci{2). Since 
0(0) ^ C, 0(1) ^ 2C and 0(2) = C(2), it foUows that 

'J'-'^t; (32) 

I 2C(2^ ) if m is odd . 



The pinor module is therefore 




_ , „ if m is even 

P = < jp (33) 
if m is odd . 



Another important isomorphism is C£*^(m+ 1) = Ci{m), as ungraded associative algebras. Whence, 

O0(m) ^ l'^^'r'^ if mis even 
^ ^ [C(2^) if mis odd. 



The spinor module is therefore 




ifmiseven ^^^^ 
11 m is odd . 



For m even, § is reducible and it reduces to the direct sum of two irreducible chiral spinor modules 
§¿ = C^'' . The irreducible modules §± correspond to the two eigenspaces of the idempotent element 
Q. = e\,,,m G C£(m), with respective eigenvalues ±1. 

It can be shown that every spin-invariant bilinear form C on S obeys 

C(V^,Z) = cycC(;f,V/) , C(Xv/,z) = TcC(v/,X;t) , (36) 
for all i//, ;t G § and X E C"\ in terms of some fixed pair of signs Oc and Te. From the second condition 



in (|36]), it foUows that C{Q.\¡f,x) = T^ci~^y ^iV^^X)- For m odd, this implies Te = (-1)^- For m 
even, in addition to C, one can define a new spin-invariant bilinear form C'(— , — ) = C(— , £2—) with 
Oc = {—l)^Oc and Te = — Tc. Whence, a spin-invariant bilinear form with t = — 1 can always be 
chosen if m is even. Any such bilinear form has the virtue of being C£(m)-invariant and we shall 

always select this one when m is even. For any m, this fixes C7 = (— 1) 2 . Henceforth, the 



properties in (|36]) with the aforementioned sign cholees for a and T will be ascribed to (— , — ). 
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4.2. Real case. Let us assume that g has s positive and t negative eigenvalues at each point x E M. 
Thus m = s + t and let n = t — s denote the signature of g. The Clifford algebra Ci{Tj^M) will be 
denoted by Ci{s, t) . Note that Cí{s, t)®^C = Ci{m) . 

Three fundamental isomorphisms for real Clifford algebras are 

Ci{s + 2,0)= C£{0, s) ® Ci{2, 0) 
Ci{s+l,t + l)^Ci{s,t)(^Ci{l,l) 

C£{0, t + 2)= Ci{t, 0) ® Ci{0, 2) . (37) 
R, C£(1,0) ^ 2M, C£(0,1) ^ C, a(2,0) ^ M(2) = a(l,l) and Ci{0,2) = M, it 



Since Ci{0) 
foUows that 



R{2P) 

2M(2^) 

C{2P) 

e(2P-i) 

[2B.{2P-^] 



if n 
if n 
if n 
if n 
if n 



0,6mod8 
7mod8 
1 , 5 mod 8 
2,4 mod 8 
3 mod 8 . 



(38) 



The matrix algebra isomorphisms K(A^) ®r M(A^') ^ K(A^A^')' C ®m C = 2C, C ®r H ^ C(2) and 
EI(8)kEI = ]R(4) are useful in deriving this classification of real Clifford algebras. The pinor module 
is therefore 



(39) 





if n 


= 0,6 mod 8 


2^2" 


if n 


= 7 mod 8 




if n 


= 1,5 mod 8 




if n 


= 2,4 mod 8 


2e2"-' 


if n 


= 3 mod 8 . 



Two further important ungraded isomorphisms are C£'^{s + 1 , í) = C£*^(5, í + 1 

if n = 1,7 mod 8 



Ci^(sJ) 



if n 
if n 
if n 
if n 



O mod 8 
2, 6 mod 8 
3, 5 mod 8 
4 mod 8 . 



(40) 



Ci{s,t). Whence, 

R{2P) 

2M(2P-i 

C(2P-i) 

M(2P-i) 
UH(2^-2 

From ( |40l ), we infer another useful isomorphism C£^(5,í) = C£'^(í,í) which implies that spinor rep 
resentations of real Clifford algebras do not depend on the sign of n. The spinor module is 



(41) 



If m is even then so is n. If n = O mod 4 then S is reducible and it reduces to the direct sum of two 



M2'^ 


if n 


= 1,7 mod 8 


2M2'^"' 


if n 


= mod 8 




if n 


= 2,6 mod 8 




if n 


= 3,5 mod 8 




if n 


= 4 mod 8 . 



irreducible chiral spinor modules S±. If n = O mod 8, then S± = M is irreducible. If n = 4 mod 

1^ — 2 o p — 1 

8, then S± = El is irreducible, lí n = 2 mod 4, then S = C is irreducible. In this case, 
defines a complex structure on and the submodule on which ei...,íí = i is isomorphic to S. 
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n 





1 


2 


3 


4 


5 


6 


7 




2M 


M(2) 


C(2) 


M 


2H 


M 


C 


M 


dimK^(S) 


2 


4 


8 


4 


8 


4 


2 


1 



Table 1 . Schur algebras ^(S) and their real dimensions. 



If m is odd then so is n. If n = 1,7 mod 8, then S = M^'' is irreducible. If n = 3,5 mod 8, then 
S = H^""' is irreducible. 



The results of [37 38 1 show that every spin-invariant bilinear form c on S obeys 

c(V^,Z) = <yccU,V^) , c{X\if,x) = ^cc{wM . (42) 
for all \¡f,X and X E W'', in terms of some fixed pair of signs Oc and Te. The classification 



in [37 38 1 proceeds by establishing a bijection between isomorphism classes of spin-invariant bilinear 
forms on S and elements in the Schur algebra ^{S) of 5o(5,í)-invariant endomorphisms of S. These 
Schur algebras are isomorphic to the matrix algebras displayed in Table [T] and depend only on n mod 
8. In the complex case, the Schur algebras are isomorphic to either 2C for m even or C for m odd, 



corresponding to the classes of invariant bilinear forms C described at the end of section 4. 1 For each 
complex spin-invariant bilinear form C on § there is a corresponding real spin-invariant bilinear form 
c on S with the same symmetry properties. Therefore, it will be convenient to assume the same sign 
cholees made for (— ,— ) in both the real and complex cases. Note however that Table [T] illustrates 
there are several altemative options for real spin-invariant bilinear forms on S with different symmetry 
properties that we shall not concern ourselves with. 



5. CONFORMAL SYMMETRY SUPERALGEBRAS 



Let S = S © 5" denote the Z2-graded real vector space on which we shall define a Lie superalgebra 
structure. The even part S = X*^ (M) © % where 3? is a real Lie algebra with constant parameters on 
M. The complexification of the odd part 5" is isomorphic to either 

e''{M)0cW if mis odd 
6+(M)©c^©S-(^)®C^* ifm = 0mod4 

6+(M) if m = 2 mod 4 , (43) 

where V and W are certain complex ÍR^ -modules. V* denotes the dual module of V. W admits a 
(skew)symmetric -invariant nondegenerate bilinear form b, which provides an isomorphism W* = 
W. We shall assume that S is fini te-dimensional and therefore take m > 2. 



5.1. Brackets. The graded Lie bracket on § is a bilinear map [— , — ] : S x S — )■ S, defined such that 

[S,S]cS, [S,J]c3^, [J,J]CS. (44) 
These component brackets are defined as foUows. 

• The skewsymmetric [S, S] bracket is given by [X'^(M), j£'^(M)] © [Jl, Ji], in terms of the Lie bracket 
of conformal Killing vector fields on M and the Lie bracket on Ji. The mixed [X'^(M), 3^] contribution 
is absent since elements in Jl are constant on M. 

• The skewsymmetric [S, 3^] bracket is defined such that 

[X,£] = Lx£ , [p,e] =p-e , (45) 
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for all X G X'^'(A/), p E'Jl and e G In the second bracket, • denotes the !3l-action of p. 

• The symmetric [J.S] bracket is bilinear in its entries. Whence, one needs only to specify the 
bracket of any given element in 5" with itself in order to extract the general [5", 5"] bracket. That 
is, knowing [e,e] for all e G 5" allows one to deduce [e,e'], for any e,e' G 5", via the polarisation 
^ ([e + e', e + e'] - [e, e] - [e', e']). In this way, the [?", 3^] bracket is defined generically by 

[£,e] = ^e+Pe, (46) 

in terms of certain elements G X'^(A/) and Pe G 3^ which we will now define. 
Let Se be defined such that 

ÍbijE'Xej if mis odd 
e'+Xe i ifm = 0mod4 (47) 
bij £'_^X£l if m = 2 mod 4 , 

for all X G j£c(M), where e G J'c: relative to a basis {e,} for either V or W. A dual basis {e'} for 
either V* or W* is defined such that e'(ey) = 5j, with e,- = bije^ for W = W*. Using (|27]), one finds 
that Se G X^(A/). Moreover, Se is clearly 3?c-invariant. The component in (|46]) is defined as the 
real part of Se. 

Let He G Jic be defined such that 

(a (e'Vej - KEjVe') \¡/j if m is odd 

a(eVVe_^-Ke_^Ve|)vA^ + /3(e^Ve_y-fce_jVei)v/' ifm = 0mod4 (48) 
a {£\Ve+j - Ke+ jWel_)\¡íj if m = 2 mod 4 , 

where K is the sign for which xjfXx = KxX\}f, for all X G Xc{M) and V^,Z ^ 3^C- The valúes of con- 
stants a and ¡5 will be determined in a moment. Using ([T7|), one finds that De is constant. Moreover, 



the íRc-action on W defined by the first and third lines of ( [48] ) preserves b. The component pe in ( [46| ) 
is defined as the real part of De. 

Now let pe^e' = ^(Pe+e' ~ Pe — Pe')' ^i^Y ^j^' ^ 3^- is useful to note that the second identity in 



( [101 ) implies 
for all X G X^iM). Furthermore, 

for all p eJl. 



[P , Pe,e'] = Pp e,e' + Pe,p e' , (50) 



5.2. Conformal invariance. Under a Weyl transformation, the results of section[3]imply that S and 
íFmust transform with definite weights = O and wj = \. These weight assignments are compatible 
with the graded Lie brackets defined above. Compatibility is trivial for the [S,25] bracket. For the 
bracket, it foUows using ([22]). For the [3^,3^] bracket, it foUows by checking that ^e and Pe, 
defined in ([47]) and ( [48] ), are Weyl-invariant. For t,^, this is obvious. For pe, it foUows using ([26]). 
Whence, the conformal symmetry superalgebra S should be ascribed to a conformal equivalence class 
of me tries on M with fixed spin structure. 
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m 


a 


/3 




comment 


6 


2 
3 


* 






5 


3 
5 


* 




dimcW = 2 


4 


1 

2 


1 

8 




dimcV 7^ 4 


4 


1 

2 


1 

8 


5Í{V) 


dimcV = 4 


3 


2 
3 


* 


50{W) 


dimcV7 7^ 1 



Table 2. Generic data for complexified conformal symmetry superalgebras. 



5.3. Jacobi identities. If S is a Lie superalgebra then the brackets defined above must obey the 
graded Jacobi identity. There are four distinct graded components, of type [SS?"], [SS^íF] 

and [J'J'S^], each of which must vanish identically. 

• The [SSS] component vanishes trivially since both X*^ (M) and H are Lie algebras. 

• The [223"] component vanishes using ^[xj] = [^x^^y], for all X,Y E X'^(M), and that V and W 
are -modules. 



• The [SJ'S^] component contains two parts. The part in X'^(A/) vanishes using ([27]) together with the 
fact that i^e is íR-invariant. The part in 51 vanishes using (|49]) and 



• The [J'JJ^] component is totally symmetric and trilinear in 5". Whence, via polarisation, it is equi- 
valent to the condition 

£^^e + Pe-e = 0, (51) 

for aU e G 5". Unlike the first three, this final component is non-trivial but can be solved case by 
case using the Fierz identities ([29]), ( [30] ) and ( [3T] ), the symmetry properties of (— ,— ) described in 
section [4~T] together with the definitions (47]) and ( [48] ). It is also necessary to make use of the identity 



'Hi...^k'^vp 



{m-{m-2kf)e 



(52) 



in this calculation. 



The result is as foUows. If m > 7, one finds that (51 1 has no generic solutions for any cholee of a and 



j8. In this context, 'generic' just means that ( pT] ) is solved without assuming further special properties 
for twistor spinors on M. We shall encounter several non-trivial conformal classes of Lorentzian 
metrics which admit non-generic solutions with m > 7 in section |7] The generic solutions of ( [5T] ) for 
2 < m < 7 are summarised in Table[2] In each case, ÍR^ < ^ for ^ particular type of complex reductive 
Lie algebra (S. For m = A,'ú N = dim^V, the component of !3^c iii the centre Z{QÍ{y)) = C acts with 
coefficient in ([48]), whence He < sí(y) if = 4. For m = 3, if dim^V^ = 1, then (|5T]) is solved 
for any valué of a. 



5.4. Real forms. Let us conclude this section by providing a more detailed account of the real 
structure of conformal symmetry superalgebras. Relative to the complexified construction described 
above, this involves taking a real form Jl of Jic and identifying a real structure on 3^c- We shall con- 
sider only those real forms § with 5" in a real representation of S. At each point in M, 3^c defined in 
( [43] ) involves the tensor product (over C) of a complex irreducible spinor module and an ^íc-module. 
To define a real structure on 3^£ requires the irreducible spinor module and the 3í-module in 3" to be 
of the same type K. 
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t 


type 


alias 




5P,(M) 


M 








e 


sp{kj) 


skiC) 




M 




5Ík+¡{C) 




c 


su{kj) 






e 


m*{lk) 


sOk+liC) 




M 


50{k,l) 




u*(e) 


M 


so*{2k) 



Table 3. Real forms of complex semisimple Lie algebras. 



m 


{s,t) 





type 


6 


(3,3) 


5p^(M) 


M 


6 


(5,1) 


spiN) 


e 


5 


(3,2) 


5pi(M) 


M 


5 


(4,1) 


5P(1) 


e 


5 


(5,0) 


5P(1) 


e 


4 


(2,2) 


0W^4(^) 


M 


4 


(2,2) 


S[4(M) 


M 


4 


(3,1) 


u{N ^ 4) 


c 


4 


(3,1) 


5U(4) 


c 


4 


(4,0) 


u*(2A^^4) 


e 


4 


(4,0) 


5U*(4) 


e 


3 


(2,1) 


so{N) 


M 


3 


(3,0) 


so*{2N) 


e 



Table 4. Generic data for real conformal symmetry superalgebras. 



The real form His a Lie subalgebra of some real form g of 0. Where possible, we shall take q to be 
the compact real form of (S. Table[3]lists all the real forms í of the relevant complex semisimple Lie 
algebras foUowing the nomenclature in chapter 26 of [|39|. In each case, the type of the defining 
representation of í appears in the third column. The compact real forms in Table [3] (with / = 0) will 
be written sp{k), su{k) and so{k). 

From the classification of real spinor modules in ( |4T] ) and the real forms in Table |3} it is straightfor- 
ward to match up irreducible spinor modules with g-modules of the same type. The generic data for 
the corresponding real conformal symmetry superalgebras in 2 < m < 7 is summarised in Table|4} Sig- 
natures (5, t) and (í, s) give rise to isomorphic real forms so we have taken 5 > í in Table|4| Note that it 
is only possible to take g compact in Euclidean (t = 0) and Lorentzian (t = 1) signatures. However, in 
Euclidean signature, q is generically noncompact if m < 5. In the (4,0) case, g is always noncompact 
though, if A'^ = 1, only the centre Z(£|[i(EI)) = 5o(l, 1) is noncompact since 5(1 (H) = sp(l). In the 
(3,0) case, g is noncompact unless = 1, in which case u'[(EI) = u(l). 
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n 


6 






8 


05p8|A,(C) 


sp^(C) 




7 


f4(C) 


5Pi(C) 




6 


S[4|Af^4(C) 


0W(C) 




6 


P5[4|4(C) 


5Í4(C) 




5 


05p^|2(C) 


50^(C) 





Table 5. Classical complex Lie superalgebras involving spinor representations. 



6. COMPARISON WITH NAHM POR CONFORMALLY FLAT METRICS 



Finite-dimensional classical Lie superalgebras over C have been classified by Kac [40| (see also 



[41 42 1). Now consider the subclass of all such Lie superalgebras G which contain an 50„(C) factor 
in their even part and a spinor representation of 50„(C) in their odd part ^. In each case, ~ 
so„(C) ©ÍH, where ÍH is a reductive Lie algebra over C. For n > 4, the complete list of all non- 
isomorphic Lie superalgebras of this type is given in Table |5j Entries in the '5^' column denote tensor 
product representations of ÍB. The first factor corresponds to an irreducible spinor representation of 
so„(C) and the second factor corresponds to the defining representation of ÍH. In the '3^' column entry 
for s[4|yv^4(C), the centre of sÍaí(C) acts on with weight A — N. 



Real forms of the classical Lie superalgebras in [[4Ü| have been classified by Parker (43). Up to 



isomorphism, the real forms of each complex classical Lie superalgebra are uniquely determined by 
the real forms of the complex reductive Lie algebra which constitutes it even part. It is therefore 
straightforward to deduce all the real forms s of a given complex Lie superalgebra & of the type 
defined in the paragraph above. Now consider all such real Lie superalgebras for which 

• The real form r of ÍH is of compact type. 

• The real form f of 5^ is in a real representation of the real form b of 03. 

For 4 < n < 8, the relevant real forms of 50„ (C) are isomorphic to so {k,l), for some k + l = n. Real 
forms b with r compact may therefore be indexed by pairs {k,l). For f to be in a real representation 
of b requires that the representation type of both so{k, l) and r factors must be the same. That is, they 
must both be of the same type K in order to equip f with a real structure. 

For n > 4, the complete list of all non-isomorphic real Lie superalgebras meeting the two conditions 
above is given in Table|6j It is precisely this classification that was obtained by Nahm in [[3T|. The real 



forms associated with pairs {k,l) and (/,/:) give rise to isomorphic real Lie superalgebras and so we 
present them with k> l. Entries in the 'f column denote particular real forms of tensor product (over 
C) representations of b which are defined as foUows. Given a pair of quatemionic representations W 
and W' , equipped with quatemionic structures J and 7', then J®J' defines a real structure onW 
and [V7 ® W'] denotes the real representation induced on the fixed points of J®J' onW ® W' . On 
the other hand, given a complex representation V , [[V]] denotes the real representation obtained by 
restricting scalars from C to M. 

Let US now review the interpretation of some of these real Lie superalgebras as conformal superalgeb- 
ras. The Lie algebra of conformal isometries of W'' is isomorphic to so(5 + l,í + 1). Therefore, the 
three real Lie superalgebras VI II', VII Ij and VI Ij in Table [ó] cannot be associated with conformal 
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n 


5 


X 


f 


{k,i) 


type 


Nahm label 


8 


osp(6,2|A^) 


5p{N) 


[s+®e^] 


(6,2) 


H 


X 


7 


f(4)" 


5P(1) 


[s®e] 


(5,2) 


e 


1X2 


7 


f(4)' 


5P(1) 


[s®e] 


(6,1) 


e 


IXi 


6 


5u(2,2|A^^4) 


u(iV) 




(4,2) 


c 


VIII 


6 


P5u(2,2|4) 


5U(4) 


[[S+®C4]] 


(4,2) 


c 


VIIIi 


6 


5u(4|A^^4) 


u(A^) 




(6,0) 


c 


VIII' 


6 


psu(44) 


su(4) 


[[S+®C4]] 


(6,0) 


c 


VIIl'i 


5 


05P^|2(M) 






(3,2) 


M 


VII 


5 


05p(2|l,l) 


u(l) 


[s®e] 


(4,1) 


e 


VIIi 


5 


05p(2|2) 


u(l) 


[s®e] 


(5,0) 


e 


vii'i 



Table 6. Real Lie superalgebras with n > 4 in Nahm's classification. 



superalgebras for W'' . Moreover, those which remain can only be identified with conformal super- 
algebras for W'^ in either Euclidean (Z = 1) or Lorentzian (Z = 2) signature. In Euclidean signature, 
only two real Lie superalgebras IXi, Vlli in Table [6] can describe conformal superalgebras in dimen- 
sions 5 + í = 5,3. In Lorentzian signature, the remaining five real Lie superalgebras X, IX2, VIII 
(VIIIi) and VII in Table [6] describe the conformal superalgebras for Minkowski space in dimensions 
s-\-t = 6,5,4,3. On any Riemannian or Lorentzian spin manifold M with conformally-flat metric 
g in dimensión m > 2, each real conformal symmetry superalgebra § in Table |4] with q compact is 
isomorphic to one of the conformal superalgebras in Table [6} 

7. SOME NON-TRIVIAL EXAMPLES IN LORENTZIAN SIGNATURE 

The general structure of conformal isometries for manifolds admitting a twistor spinor is extremely 
complicated. Thus, rather than attempting to classify conformal symmetry superalgebras, we shall 
instead conclude with some non-trivial examples for Lorentzian manifolds which admit a twistor 
spinor. Before doing so, let us first briefly dispatch the Euclidean case in the paragraph below. 

Up to local conformal equivalence, the classification of Riemannian manifolds M with m > 3 which 
admit a nowhere-vanishing twistor spinor e is conceptually straightforward. The results of [44,|45] | 
imply that each conformal class of metrics on any such M contains a unique representative that is 
Einstein with constant non-negative scalar curvature. If the constant scalar curvature is zero then £ is 
parallel. The classification of all complete simply connected irreducible non-ñat Riemannian mani- 
folds which admit a parallel spinor is due to Wang [46|. If the constant scalar curvature is positive 
then e is a Killing spinor. The Killing constant of e is either real or imaginary. The classification of all 
complete simply connected irreducible non-ñat Riemannian manifolds which admit a Killing spinor 
with real/imaginary Killing constant is due to Baum [j47|/Bar p-8| . Whence, conformal Killing su- 
peralgebras for Riemannian manifolds admitting a twistor spinor corre spond to Killing superalgebras 
generated by Killing spinors, but for the inclusión of a non-trivial R-symmetry. 

For any Lorentzian spin manifold M, there exists a spin-invariant non-degenerate pseudo-Hermitian 
inner product (— , — ) on &{M), which obeys 



(53) 
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for all yf,X ^ & {M) and X G X(M), where * denotes complex conjugation. 

In general, this inner product is distinct from the bilinear form (— ,— ) defined in sectionjíj How- 
ever, in cases where the complex spinor bundle on M admits a complex-antilinear automorphism 
B which squares to ±1 (i.e. a real or quaternionic structure), then one can identify ( — ,— ) with 
(— , B— ) provided B is compatible with the pseudo-Hermitian structure defined by (— , — ). This re- 
quires {X\¡r,x) = -{V^^X)^ for all X e X{M) and \¡r,x ^ &{M). From sectionjí} we recall that 
one can always choose a bilinear form with this property on the complex spinor bundle except when 
m = 1 mod 4. 

To any i// G & {M), one can assign a vector field defined such that 

g{XXMr) = -i{¥.Xiir), (54) 

for all X G X(M). The vector field is known as the Dirac current oí x^r. It is readily verified that 
G X^'{M) if 1// G (5^'(A/). From ( [53] ), it foUows that is real and has strictly non-positive norm. 
Moreover, is nuil only if Ci^V^ = O and (v^, V^) = 0. It is worth noting that the Dirac current is 
nowhere-vanishing only if the same is true of 

Let US also assign the function 

gy=(VA,VvA), (55) 



to any i/a G &{M). If i/a g &{M) and g^/ is real then it is also constant on M, using ([53]) and the first 
identity in ( [IT] ). If i^^ is a Killing vector then gx¡/ is real. 

Up to local conformal equivalence, the classification of simply connected complete Lorentzian mani- 
folds M with m > 3 which admit a nowhere-vanishing twistor spinor e can be found in [ |29^|30| |. 

If £ is parallel then M can always be decomposed into the direct product of irreducible non-ñat 
Riemannian manifolds (each of which must admit a parallel spinor) and a certain Lorentzian manifold 
L. If is timelüce, then L is locally isometric to Minkowski space. If Q is nuil, then L is locally 
isometric to a Brinkmann-wave. 

If £ is not parallel then M is locally isometric to either 

• A Lorentzian Einstein-Sasaki manifold. 

• A Fejferman space. 

• The direct product of a Lorentzian Einstein-Sasaki manifold and an irreducible non-ñat Riemannian 
manifold which admits a Killing spinor (with imaginary Killing constant). 

Let US now consider each of these cases in tum. 



7.1. Brinkmann waves. By definition, a Brinkmann-wave L is a Lorentzian manifold which admits 
a parallel nuil vector field v. This vector field defines a ñag of subbundles Mv C C TL, where 
= {X G X(L) I g{X, v) =0}. The metric induced from g on the bundle E = v^/Mv is Riemannian 
and let Holv(£^) denote the holonomy group of the associated Levi-Civitá connection on E. If L has 
dimensión / then, at each point in L, Holv(£') is a Lie subgroup of Spin(/ — 2) which preserves a 
spinor on E. The holonomy group Holv(L) of the Levi-Civitá connection for a Brinkmann-wave L 
which admits a parallel spinor is isomorphic to Holv(£') x M'^^. A Brinkmann-wave with Holv(£') 
trivial is called a pp-wave. 

Any twistor spinor £ on a Brinkmann-wave is necessarily parallel and obeys ve = 0. For any pair 
£,£' G &'{L), the vector field ^^ ^i (defined by ([25])) is parallel and orthogonal to v. Given an- 
other nuil vector field u with ^(m,v) = 1, which always exists locally, it foUows that g{X,^£ £/) = 
^(X,v)^((^e e',M) for any X G j£(L), using j{uv + vu) = 1 and that £ and e' are in the kemel of v. 
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Consequently, E,^ = gi^e^e'^u) v, implying that i^g g/ and v are coUinear. Whence, since they are both 
parallel, t,^ ^/ = cv for some c G M. Furthermore, the R-symmetry parameter pg g/ (defined above 
(|49l)) vanishes identically since £ and e' are parallel. 

Thus is spanned by parallel spinors on a Brinkmann-wave and [5", 5"] spans Mv, which is a central 
element in the conformal symmetry superalgebra. Clearly this rather trivial type of conformal Killing 
superalgebra associated with a Brinkmann-wave can be constructed in any dimensión, solving as it 



does the Jacobi identity ( [51] ) in a trivial manner. In this sense, we consider it a non-generic solution 



relative to the analysis in section[5| 



7.2. Lorentzian Einstein-Sasaki manífolds. From proposition 3.2 in p7| , it foUows that M is loc- 
ally isometric to a Lorentzian Einstein-Sasaki manifold (with Lorentzian Einstein-Sasaki structure 
^e) whenever m is odd and M admits a twistor spinor e such that 

• is a timelike Killing vector field. 

• ^gC = /i£, for some non-zero constant ¡i. 

• V^^e = Ae, for some non-zero constant A. 

Comparing what one gets by acting with ^g and (g, — ) on the second condition above fixes ¡i — 
— z(£,£) to be an imaginary constant. Whence, the norm of ^g is — (e,e)^. Acting with (g, — ) on the 
third condition above fixes A = —é,ie^ in terms of the real constant ge associated with e defined in 



(55) 



From these properties, it foUows that L^^e = (^^)Ae = — z (^|i^)gge. Whence, 

£^^£ + zpge = 0, (56) 

provided 

For m = 3, 5, the coefficient in ( [57] ) matches precisely the one derived from Table|2]when = 1 . Fur- 



thermore, (57) prescribes a conformal symmetry superalgebra for Lorentzian Einstein-Sasaki mani- 



folds with m = 3 + 4k and N = 1, for any positive integer k. 

7.3. Fefferman spaces. Subsequent to their original construction within the context of CR geometry. 



Fefferman spaces have since been found to admit several more convenient characterisations [27 49- 
[51| . From proposition 3.3 in [27 [, it foUows that M is locally isometric to a Fefferman space whenever 
m is even and M admits a twistor spinor £ such that 

• ^g is a regular nuil Killing vector field. 
.Cge = 0. 

• V^^e = Ae, for some non-zero constant A. 

At least locally, there must exist a vector field on M with g{6,Q) 7^ 0. Acting with (0£, — ) on the 
third condition above fixes A = — ^ijg, using ^g£ = 0. 

From this it foUows that ¿^^e = (^)Ae = -z (^)gee. Whence, 



provided 



£^^£ + zpge = 0, (58) 
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For m = 4, 6, the coefficient in ( |59l ) matches precisely the one derived from Table |2] when N = \. 



Furthermore, ( |59l ) prescribes a conformal symmetry superalgebra for Fefferman spaces with m > 6 
and = 1. Any such conformal symmetry superalgebra is isomorphic to the conformal Killing 
superalgebra of a Fefferman space on which there is only one linearly independent chiral projection 
of any given twistor spinor (e.g. as is the case for m = O mod 4). 

7.4. Direct producís. Let M = L x R, where L is a Lorentzian Einstein-Sasaki manifold and R is 
an irreducible non-flat Riemannian manifold which admits a Killing spinor (with imaginary Killing 
constant). The dimensión Z of L is odd and let r denote the dimensión of R. Any such R is necessarily 
Einstein with non-negative scalar curvature. Recall that any Einstein three-manifold has constant 
curvature and is locally conformally flat. 

Let gR denote the Riemannian metric on R. The metric cone of R is the manifold C{R) = IR+ x R 
with metric dt^ + t^gR, where t G The characterisation due to Bar [lísl establishes that R admits 
a Killing spinor (with imaginary Killing constant) if and only if C{R) admits a parallel spinor. If R is 
complete, it foUows from that Holv(C(i?)) must be either SU(^), Sp(^), G2 (if r = 6), 

Spin(7) (if r = 7) or trivial. In these cases, R is respectively Einstein-Sasakian, 3-Sasakian, nearly 
Kahler, weak G2 or a sphere. 

Thus, if R is not locally isometric to a sphere then m > 8. For m = S, L must have dimensión three and 
R must be an Einstein-Sasaki five-manifold. For m = 9, L must have dimensión three and R must be 
nearly Kahler. For m = 10, if L has dimensión five then R must be an Einstein-Sasaki five-manifold. 
Alternatively, if L has dimensión three then R must be either Einstein-Sasakian, 3-Sasakian or weak 
G2. 

Let US first consider the case where R has odd dimensión. Since m is even, with both l and r odd, 
the Chfford algebra C£(m - 1 , 1) can be decomposed in terms of the C£(2, 0) (g) C£(/ - 1 , 1 ) (g) C£(r, 0) 
subalgebra in the tangent space of M = Lx R. This allows one to express 

X= (o-)®Xz,®l/í+(oi)®U®X^, (60) 

fora\\X = {Xi,XR) eX{M). 
The ± eigenspaces of 

a = (¿_Oi)®iL®i^, (61) 

contain chiral projections of the form 

£+ = (¿) «Cl^Cíí , £_ = (0) ®eL®eií , (62) 

for all e e &{M), where G 6(L) and G &{R) are both Killing spinors. If Vxl^l = I^^l^l, 
for all Xi G X(L) and some /i G M, then it is straightforward to check that £± G (5^(M) only if 
^Xr^r = íifíX^CR, for all Xr G X{R). Whence, £± cannot both be twistor spinors on M unless 
11 = 0. Henceforth, we shall take e+ G &^{M) with /i 7^ 0. 

The properties above imply 

• is a nuil Killing vector field. 

• Ce+£+ = 0. 

• Vq^£+ = 2ill {£t,£L){eR,£R)£+. 

From this it foUows that ^i;^^£+ = (^)V^^^e+ = -z (^)<;e_^e+. Whence, 

Z^^^£+ + ipe^£+ = , (63) 
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provided 

For m = 4, 6, the coefficient in ( [641 ) again matches precisely the one derived from Table |2] when 



N = 1. Furthermore, ( [64| ) prescribes a conformal symmetry superalgebra for higher-dimensional 
direct product spaces M = Lx R with r odd and N = l. 

If R has even dimensión then it must be either nearly Káhler or an even-dimensional sphere. Since m 
is odd, with l odd and r even, the Clifford algebra C£{m —1,1) can be decomposed in terms of the 
C£{1 —1,1)® C£{r, 0) subalgebra in the tangent space of M = L x R. This allows one to express 

X=Xl®^r + Íl®Xr, (65) 

for all X = {Xl.Xr) e X(M). Moreover, 

£ = eL®£R, (66) 

for all £ e &{M), where e &{L) and £r G &{R) are both Killing spinors. If ^Xl^l = I^^l^l, for 
all Xi e X(L) and some G M, then it is straightforward to check that e G ©"^'(M) only if ^Xr^r = 
IJ.XrSIr£r, for all X^; G X(i?). This condition on is equivalent to ± /e^ being Killing spinors, 
with imaginary Killing constants ±//i, where = j{1r±£Ir)£r. 

The properties above imply 

• is a nuil Kilhng vector field. 

• V^^e = 2ill {£l,£l){£r,£r)£. 

From this it foUows that ¿^^e = (^)V^^£ = -i{'^)gse. Whence, 

£^^e + /p£e = 0, (67) 

provided 



m + 2 



(68) 



2m 

In this case, ( [68] ) prescribes a conformal symmetry superalgebra for higher-dimensional direct product 
spaces M = Lx R with r even and = 1 . 
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